DIVISORS ON COHERENT SCHEMES AND HOMOGENEOUS SPACES

NING GUO

ABSTRACT. We investigate the positivity and extension of invertible sheaves on group homogeneous spaces
over coherent bases. Bypassing the failure of standard limit arguments and the classical Weil-Cartier
correspondence, we develop a valuative divisor theory on locally coherent schemes. This establishes
an exact correspondence between effective valuative divisors and rank-one reflexive sheaves, yielding
a non-Noetherian Ramanujam—Samuel theorem. To homologically control special fibre degenerations,
we study morphisms of (N)-type; these govern the descent of generically trivial invertible sheaves and
establish the theorems of the cube and the square without smoothness hypotheses. Utilizing the Picard-
admissibility of group actions, we construct ample invertible sheaves explicitly from one-codimensional
orbit boundaries. This achieves the rigid extension of generic polarizations to integral models over Priifer
bases, structurally generalizing Raynaud’s classical proof of his quasi-projectivity theorems.
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1. INTRODUCTION

Let G be a group scheme over a scheme S. Recall that an fppf cover X — S equipped with a G-action
is a G-homogeneous space (resp. a G-torsor) if the canonical morphism G xg X — X xg X is an fppf
cover (resp. an isomorphism). In his book [Ray70], Raynaud systematically investigated the ampleness of
invertible sheaves on homogeneous spaces, establishing the following quasi-projectivity theorem:

Theorem 1.1 ([Ray70, chapitre VI, corollaire 2.5]). For a normal scheme S and an S-smooth group
scheme G with connected S-fibres, every G-homogeneous space X is S-locally quasi-projective'.

Theorem 1.1 extends the classical theorem of Chow [Cho57] asserting the quasi-projectivity of connected
smooth algebraic groups (the smoothness hypothesis later removed by Conrad [CGP15, Proposition A.3.5]
via descent techniques). To establish this, Raynaud explicitly constructed invertible sheaves from positive
cycles of codimension one, subsequently applying his own ampleness criteria. In the process, he obtained
extension theorems for (semi)ampleness® on homogeneous spaces over Dedekind base schemes.
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N morphism f: X — S of schemes is locally quasi-projective if it is quasi-projective locally on S.

2An invertible sheaf .# is semiample if there is an integer n > 0 such that Z®" is generated by global sections.
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While Raynaud’s approach is effective in classical settings, arithmetic geometry increasingly demands a
non-Noetherian foundation. For instance, the base rings in the perfectoid theory [Sch12] and arc-topology
[BM21] are valuation rings of higher ranks or nondiscrete, such as 0c, and k[u] 4+ vk((u))[u] C k((w))(v));
or Priifer rings, whose local rings are valuation rings, e.g. the ring of algebraic integers Z. Doing algebraic
geometry over such bases runs into a fundamental obstacle. The classical Weil-Cartier correspondence
breaks down. Furthermore, the standard limit arguments are notoriously unfeasible here; a limit of
positive cycles of codimension 1 does not, in general, correspond to a Cartier divisor on the limit scheme.

To circumvent these obstructions, we propose that locally coherent schemes provide the natural setting
where non-Noetherian pathologies are homologically controlled. A ring is coherent if its finitely generated
ideals are finitely presented; geometrically, the structure sheaf is coherent as a module over itself. Indeed,
this notion has been increasingly recognized, for instance, in p-adic algebraic K-theory [AMM22]. As
established in [GL24, Theorem 2.21], on any locally coherent, topologically locally Noetherian normal
scheme, every local ring is either a valuation ring or has depth > 2. This theorem enables a dévissage: the
global study of divisorial phenomena on coherent schemes reduces to local questions over valuation rings.

Building upon this dévissage, we replace the discrete Z-multiplicities of classical Weil divisors with the
totally ordered value groups I',, of the governing valuation rings. We introduce the notion of valuative
Weil divisors and establish the following correspondences that subsume the classical Weil-Cartier theory.

Theorem A. Let X be a locally coherent, topologically locally Noetherian scheme.

(i) (Theorem 2.3(ii)) If X is normal, there is an exact, order-preserving bijection between the monoid
of effective valuative divisors 3% (X) and the monoid of rank-one reflezive ideal sheaves R(X).

(ii) (Theorem 2.4) If X is regular’, then we have the Weil-Cartier correspondence C1(X) ~ Div(X).

Empowered by this framework, we obtain a non-Noetherian counterpart to the Ramanujam—Samuel
theorem (Proposition 3.3): for smooth schemes over normal bases, relative effective Cartier divisors
correspond precisely to flat one-codimensional cycles. Crucially, over Priiferian bases, this further ensures
that effective Cartier divisors on generic fibres uniquely extend to the whole space via schematic closures.

Applying this extension to the quasi-projectivity of homogeneous spaces, we bypass the Noetherianness
classically required by Raynaud to control orbit boundaries. In our coherent setting, without invoking
finiteness conditions, this approach constructs ample invertible sheaves directly from the orbit geometry:

Theorem B (Effective ampleness via group orbit boundary, Theorem 6.8). Let
e S be a locally coherent, topologically locally Noetherian, normal scheme.
e G be an S-flat group scheme of finite type with connected fibres,
e X an S-smooth scheme with G-action and an S-quasi-affine open U.

If G is smooth whenever Og ¢ is a valuation ring, then one-codimensional irreducible components D; of
the orbit boundary G - U — U span an effective divisor D := Zmez>o n;D;, and £ = Ox (D) is S-ample.
Beyond the explicit generation of global positivity in Theorem B, a complementary issue is the persistence
of polarizations. When an integral model is polarized over its generic point, extending this generic
ampleness is severely obstructed by the failure of standard spreading-out arguments. Exploiting the
schematic closures inherent to our valuative framework, we establish precise extension criteria.

Theorem C (Rigid extension of polarizations, Theorem 7.6). Let S be an affine integral Priifer scheme
(e.g. SpecZ) with generic point n, and let G be an S-smooth group with connected fibres. Let X be an
S-separated, quasi-compact G-homogeneous space. For any invertible Ox, -module £, the following hold:

(i) if 24, is generated by global sections, then it extends to an S-semiample invertible sheaf on X ;
(ii) if 24, is ample, then there exists an integer n € Z~q such that 92”,7@" extends to an S-ample

invertible sheaf on X. Furthermore, any invertible extension of £, to X is automatically S-ample.

3A locally coherent scheme X is regular if every local ring Ox , is regular, which means that every finitely generated ideal
of Ox 4 has finite projective dimension. This notion of coherent regularity was introduced by Bertin ([Ber71, Ber72]).
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While Theorems B and C recover Raynaud’s results [Ray70, chapitre V, théoréme 3.10 and chapitre VIII,
théoréme 2| in the Noetherian setting, establishing these theorems over locally coherent bases strictly
prohibits the standard limit arguments. The transition is achieved by resolving two geometric obstructions:

e The divisorial limit obstruction. The correspondence between flat pure codimension-one subschemes
and relative effective Cartier divisors systematically fails to survive limit transitions. We bypass such
obstruction, relying instead on our results of the valuative divisors and Ramanujam—Samuel theorem.

e The fibre degeneration obstruction. In arithmetic geometry, the degeneration of fibres is ubiquitous.
The inherent jumping of fibre properties renders standard limit arguments inadequate. Recognizing
that such degenerations are unavoidable, we do not artificially restrict to smooth settings. Instead, we
systematically develop morphisms of (N)-type in Section 4, which emerge as the natural setting.

1.2. (N)-type schemes. A flat, locally finitely presented scheme morphism X — S is of (N)-type, if
each generic fibre X, is geometrically normal and any X, is geometrically reduced whenever 0g , is a
valuation ring. Such morphisms emerge for many moduli and local problems, as demonstrated below:

(i) Consider the universal curve m: C, — M, over the Deligne-Mumford moduli stack of stable
curves of genus g > 2. The morphism = is proper, flat, and representable by schemes. Because
the generic family is smooth and the special fibres are stable curves possessing at worst ordinary
nodes (which are geometrically reduced), every pulled-back scheme family is globally of (N)-type.

(ii) Schubert schemes X,, C G/B over Z are of (N)-type. As closures of Bruhat cells, they possess
severe singularities along boundary strata, yet their geometric fibres remain normal and integral.

(iif) Semistable degenerations are of (N)-type, as special fibres are reduced normal crossing divisors.

Over a coherent normal base, we prove that for suitable morphisms between (N)-type schemes, any
generically trivial invertible sheaf on the source descends to the base (Corollaries 4.5 and 4.6). Consequently,
as Example 3.10 shows, for an (N)-type scheme X with integral fibres over a valuation ring V',

the restriction  HZ (X, G,,) = HE (Xpracv, Gyn) s injective.

Being normal (Lemma 4.2) and closed under fibre products, schemes of (N)-type supply the nice category
required to establish the theorems of the cube and the square in the absence of smooth hypotheses. When
a group scheme acts on X, the interaction between the group actions and the Picard group is governed
by the following notion (termed “being of (C)-type” by Raynaud).

1.3. Picard-admissibility. For an S-scheme X equipped with an action by an S-group scheme G, every
invertible &'x-module .Z induces a map of group functors by taking an absolute shift of G-translations

5G732G—>PiCX/S, g'—)gg(g)g_l.

The invertible sheaf .£ is Picard-admissible (for the G-action) if dg, « is a homomorphism of groups.

By definition, Picard-admissibility is the functorial manifestation of the theorem of the square. Utilizing the
aforementioned descent properties of (N)-type schemes, we systematically reduce the Picard-admissibility
of an invertible sheaf to its generic fibre (Proposition 5.9). This reduction is pivotal: it translates the
group actions into criteria for (semi)ampleness (Corollary 6.6), which ultimately validate the boundary
construction of ample sheaves in Theorem B and execute the rigid extension of polarizations in Theorem C.

1.4. Organization of the article. Section 2 develops the valuative divisor theory on locally coherent
schemes, establishing the correspondence between effective valuative divisors and rank-one reflexive
sheaves. Section 3 proves the non-Noetherian Ramanujam—Samuel theorem and the fpqc descent of
generically trivial invertible sheaves. Section 4 introduces (N)-type morphisms to tame the degenerations
of special fibres. Section 5 leverages this to demonstrate the theorems of the cube and the square without
smoothness, thereby reducing Picard-admissibility to generic fibres. Section 6 translates this admissibility
into geometric (semi)ampleness criteria, culminating in the boundary construction of ample sheaves
(Theorem B). Section 7 concludes by the extension of generic polarizations over Priifer bases (Theorem C).

1.5. Notations and conventions. For a ring R, we denote its weak dimension by wdim(R). Recall
[SP, 092S] that a ring has weak dimension < 1 if and only if every local ring is a valuation ring. For a
scheme X, let X denote the set of points of codimension 4.
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2. DIVISORS ON COHERENT SCHEMES

2.1. Cartier Divisors. Given a ringed space (X, Ox), let .#x denote the sheaf of germs of meromorphic
functions. The sheaf of divisors is the quotient Zivx = A% /0%, where A% C Mx denotes the
subsheaf of invertible functions. The group Div(X) := I'(X, Zivx) consists of (Cartier) divisors on X.
The canonical map I'(X, .Z%) — Div(X) sends a function f to its principal divisor div(f). The support
of a divisor D is the closed subset Supp(D) := {z € X | D, # 0}. We say a divisor D is effective, denoted
by D > 0, if it lies in the image of the subsheaf of regular sections Ox N .#% — Zivx. This induces a
partial order on Div(X) such that for any f € I'(X, #%), we have div(f) > 0 if and only if f € I'(X, Ox).

We introduce the notion of generalized Weil divisors or valuative Weil divisors, which naturally extend
the classical theory by taking coefficients in the value groups of the structure sheaf.

2.2. Valuative (Weil) divisors. For an integral ringed space (X, Ox), we define the set of valuative
points of X as X\(,la)1 :={x € X | Ox, is a valuation ring} and the group 3'(X) of valuative divisors as

1 o
31(X) = B,y T

where T';; is a totally ordered abelian group of the valuation ring Oy , with valuation v, : A x (X)* — Ty.

A valuative divisor D = (d;), € 3'(X) is called effective, denoted by D > 0, if d, > 0 for all z € X\(,la)l.
The subgroup of effective valuative divisors is denoted by 33_(X ). If X is topologically locally Noetherian,
then the associated principal divisor of a nonzero f € .#x(X)” is defined as the following sum

val(f) = EIGX\% v (f) - [z],

where [x] denotes the prime cycle of the closure T. The sum val(f) is well-defined owing to the topological
assumptions on X. Two valuative divisors D1, Dy are said to be linearly equivalent, written Dy ~ Dy, if
their difference is a principal valuative divisor. We define the valuative divisor class group as the quotient

CI(X) = 3Y(X) /val(Mx (X)X).

For any finitely generated ideal sheaf 7 C O, its valuation at = € X\(,Ql is v (Z) == min{v,(g9) | g € Lo }-
As finitely generated ideals in a valuation ring are principal, v, (Z) is well-defined. There is a map

U: T val(Z) := erx\% v:(Z) - []

that sends finitely generated ideal sheaves to valuative divisors. Conversely, every effective valuative
divisor D = (d,), € 3%(X) is associated to a subsheaf Ox(—D) C .#x as the following map shows

O: D Ox(—=D) :={f € Mx |v.(f) >d, forall z € X\(,la)1 .
The maps ¢ and ¥ leverage coherence to resolve technical pathologies in the non-Noetherian world where
maximal ideals are not principal. Since finitely generated ideals in the valuation rings are principal, these

objects are faithfully captured by the value groups I',.. This identifies reflexive rank-one sheaves as the
natural generalization of classical Weil divisors, leading to the following correspondence theorem.

Theorem 2.3. Let X be a locally coherent, topologically locally Noetherian, normal scheme.
(i) For every finitely generated ideal T C Ox, its composed image ®(V(Z)) = ZVV is the reflexive hull.

(ii) Let R(X) denote the monoid of reflexive ideal sheaves on X. There is an order-preserving bijection

T
R(X) — 3L(X) I val(T),  Ox(—D) <D
between monoids R(X) and 3% (X). Furthermore, this correspondence descends to an isomorphism

between C1(X) and the group Ox-RAx' of isomorphism classes of rank-one reflexive sheaves.
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Proof. Since v, (Z) is well-defined, so is the map ¥: R(X) — 31 (X). Given a divisor D = (d;), € 3% (X),
since d; > 0, the image ®(D) is an ideal sheaf. The image ®(D) =, .y {z € Ax | v.(f) = ds}. Since
Val

De Bi(X ) belongs to the direct sum, d, > 0 for only locally finitely many valuative points. Hence, locally,
®(D) is a finite intersection of @x and finitely many coherent submodules of .#x. Thus, being a finite
intersection of coherent modules, ®(D) is finitely generated and coherent. Then [GL24, Proposition 2.22]
yields the reflexivity of ®(D), so the map ®: 31 (X) — R(X) is well-defined.

For a reflexive ideal sheaf Z, we show that Ass(€@x /Z) consists of valuative points. Pick n € Ass(@x /T)
and let R := Ox,. Suppose that R is not a valuation ring, then [GL24, Theorem 2.21] implies that
depth(R) > 2. The quotient @ := R/Z, is supported at mgr. Consider the short exact sequence
0—7Z, - R— @ — 0. Applying the functor Hompg(-, R) to this sequence yields the long exact sequence:

0 — Homg(Q, R) — Homg(R, R) — Hompg(Z,, R) — Extx(Q,R) — -

We have Homg(R/Z,, R) = Exts(Q, R) = 0. Therefore, the natural map Hompg(R, R) — Hompg(Z,, R)
is an isomorphism. Since Z,, is a reflexive R-module, we have Z,, = ((Z,)¥)¥ = RY = R. Thus, Z, = (f)
is principal for a nonzerodivisor f € mpg such that \/(T) = mp. In particular, every element in mp is
nilpotent modulo f, so depthg(R/f) = 0. Consequently, the depth formula [GL24, Lemma 2.6] gives
depthp(R) =1+ depthy(R/f) = 1, which contradicts the assumption that depthyp R > 2.

Let & € Ass(Ox /T). By construction, we write the effective valuative divisor of Z as a sum

U(T) = Dy == val(Z) = ¥, ve, () - &)

We verify that ® and ¥ are inverse to each other. First, consider the composite ® o ¥. By [GL24,
Proposition 2.22], we have Z = (1 _ ) Z. Since T is trivial beyond V(Z), this intersection only occurs
Val

at those &; € Ass(Ox/I). Note that Zg, is principal and isomorphic to €x ¢, by multiplying a generator
of valuation v, (Z), hence the construction ®(Dz) just yields Z itself. This shows that ®(¥(Z)) = Z.

Conversely, consider ¥ o ®. Let D = Y d,[z] € 31.(X) and let J := Ox(—D) = ®(D). We need to check
that v, (J) = d, for all x € Xé;l) Fix a valuative point zq € X\(,la)l. The stalk of J at z( is given by

Tzo = (ﬂyexiﬁ{f € Mx |vy(f) > dy})

o
Since specializations in X\(,la)l correspond to quotients of valuation groups ([Guo24, Proposition A.2(v)]),
we are reduced to considering independent valuation rings. In such case, the condition vy, (f) > dy, is
the only constraint local to xg, we have T, = {f € Ox uy | Vz, (f) > dy, }, whose valuation in Oy ,, is
exactly dg,. Thus ¥(®(D)) = D. This establishes the desired bijection between R(X) and 31 (X).

Finally, we extend this to the divisor class group. The bijection extends to a group homomorphism by
defining val(Z) for a fractional reflexive sheaf Z via linearity. The monoid structure on 3% (X) is addition
D; + D5 and the corresponding structure on R(X) is the reflexive product (Z ® J)VV. For principal
divisors, if f € K(X)*, then Ox(—val(f)) is the fractional ideal generated by f, which is isomorphic to
Ox. Conversely, if T = Oy is a free rank-one sheaf, then it is generated by a unit section, implying its
associated divisor is trivial in C1(X). Thus, the correspondence descends to an isomorphism

Cl(X) = Ox-RAx". O

We generalize the classical result that Weil divisors are Cartier divisors on regular schemes as follows.
Theorem 2.4. On any locally coherent, reqular, topologically locally Noetherian scheme X, rank-one
reflexive sheaves are exactly invertible sheaves. In particular, we have the following isomorphisms

Ox-Rflx' ~ CI(X) ~ Div(X) and Cly(X) ~ Divy(X).

Proof. For a rank-one reflexive sheaf .# on X, its invertible locus U is nonempty and open. As the rank
function is constructible, the open immersion j: U < X is quasicompact. By [GL24, Theorem 2.19], the
complement X\U has weak dimension > 2, hence op. cit. Theorem 2.20 and its proof yield

F 5 55 F 5 det(55F[0]) = juj* det Z[0] < det F[0)],

where .Z[0] is a perfect complex thanks to the coherent regularity of X. Hence .7 is invertible. O
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3. EXTENSION AND DESCENT OF DIVISORS

Unless otherwise specified, all divisors in this section refer to Cartier divisors. We study extension and
descent of divisors and invertible sheaves on normal schemes. Specifically, taking schematic closure of
effective divisors on generic fibres yields relative effective divisors on Priifer bases as the unique flat model.

Lemma 3.1 ([RG71, corollaire 3.4.7]). Every algebra flat of finite type over a domain is finitely presented.

Lemma 3.2. Let f: X — S be a morphism locally of finite type where S is integral. For the conditions
(1) X — S is flat; (i) Ox is Og-torsionfree; (i) X is the schematic closure of its generic fibre X,,; and
(v) Ass(Ox) C X,,), we have (i) = (ii) & (iii) < (). If S is Prifer, then all conditions are equivalent.

Proof of Lemma 3.2. When S is Priifer, we have (ii) = (i). In general cases, the implications (i) = (ii)
& (iii) are standard. For (iii) < (iv), recall [SP, 05C3] that a € &g is a zerodivisor on Ox if and only if
it belongs to Ass(Cx ). Consequently, (iii) is equivalent to the condition that for every p € Ass(Ox), the
contraction p N Os is the zero ideal (0). This means f(p) = 5, which is precisely condition (iv). O

Proposition 3.3. For a normal domain R, a smooth R-scheme X of finite presentation, and a closed
subscheme Z C X, consider the following conditions:
(i) Z is R-flat, finitely presented, and of pure codimension 1;
(i)
(iii) Z has no embedded associated points such that j: X\Z — X is affine and R-fibrewise dense;
(iv)

Then (1)< (ii)<(iil)=(iv). If we assume that R is Priferian or Z is R-flat, then (i)—(iv) are equivalent.

Z is a relative effective divisor on X;

V) Z is the schematic closure in X of an effective divisor Z,, C X,,.

Proof. The implication (ii) = (iv) follows from Lemma 3.2. Then, we show that (iv)=-(ii) when R is
Priferian. In fact, instead of considering smooth morphisms, we only need the regularity of X.

Claim 3.3.1. For a locally coherent reqular scheme X flat of finite type over an integral Priifer scheme S,
the schematic closure D of an effective divisor D,, on the generic fibre X, is a relative effective divisor.

Proof of the claim. Since S is Priiferian, the schematic closure D of D, is S-torsion-free, hence S-flat
(by Lemma 3.2). Because D is S-flat, its formation commutes with flat base change, so we may localize
to assume that S = Spec R for a valuation ring R. For the same reason, as R is a filtered direct union of
valuation subrings R; of finite ranks such that R; — R are faithfully flat, we may assume that dim R < oo.

We may assume that X is connected. The rank of R is finite, so X is a topologically locally Noetherian.
Let n € X\(,L)l be a valuative point, then the stalk (Zp), of the ideal sheaf Zp is determined by a quotient
map V — V/a, where V is a valuation ring and a € my. Since D, is an effective divisor, the ideal sheaf
Tp is indeed reflexive by [GL24, Proposition 2.22]. In particular, we have Zp € Ox-Rflx'. The coherent
regularity of X and Theorem 2.4 imply that Zp is invertible such that D is an effective divisor on X.
Besides, the R-flatness of D follows from Lemma 3.2. Consequently, D is a relative effective divisor. [

When Z is R-flat, the implication (iv)=-(ii) follows from a similar argument for (i)=-(ii) below: we base
change everything over a valuation ring to show that the special fibre is an effective divisor.

Write R as a filtered direct limit of Noetherian normal subdomains Ry (with affine transitions), we may
descend X and Z to Xy and Zy over some Ry. It remains to descend (i)—(iii) to the Noetherian base.
For (i), we apply [EGA TV3, théoréme 11.2.6] for the R-flatness. Using [EGA TV3, proposition 14.3.13
and théoréme 13.1.3], each nonempty fibre Z; is of pure codimension one. So this fibrewise codimension
condition descends by [EGA TV, corollaire 6.1.4]. After descent, the closed Zj is of pure codimension
one in Xy. For (ii), the invertibility of the ideal sheaf T descends by [EGA IVj, théoréme 8.5.2 and
proposition 8.5.5]. The descent for (iii) follows from [EGA IVj, théoréme 8.3.11] for constructible closed
subschemes (X is quasi-separated so j is retrocompact). Now, we are reduced to the Noetherian case.

(i)=>(ii). By using the fibral criterion [SP, 062Y], it suffices to show that each fibre Zs # ) is an effective
divisor on Xg. Let V be a (discrete) valuation ring dominating R centered at s. Since the residue field of
6
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V is just k(s), after base changing we may assume that R = V. It is clear that the generic fiber Z, is an
effective divisor. Hence the schematic closure Z of Z, by (iv)=-(ii) is a relative effective divisor.

(ii)=-(iii). If (ii) holds, then Z has no embedded associated points and the open immersion j is affine
([SP, 07ZU]). Besides, each fibre Z, is of codimension > 1 in X,. Consequently, we get (ii)=-(iii).

(iii)=(i). By [EGA IVy, corollaire 21.12.7], the closed subscheme Z is of pure codimension 1. As the
immersion X\Z — X is dense, the cycle Z is locally principal due to Ramanujam—Samuel [EGA TV,
proposition 21.14.3], hence is an effective divisor. The R-flatness of Z then follows from [SP, 046Z]. O

Remarks.

3.4.1 If X has regular fibres instead of being R-smooth, then the implications above are valid except
(iii)=-(i): though Z is a Weil divisor in the Noetherian case, its being locally principal need that
all nonvaluative points of X are parafactorial. However, when R is Priiferian, we still have the
parafactoriality of local rings at € X when dim Oy , > 2, see [GL24, Theorem 3.11].

3.4.2 For non-Priiferian R, (iv)=>(ii) is false without the R-flatness of Z. For example, when R = k[x, y]
with fraction field K and X = Spec k[, y, t], the schematic closure Z of Z, := K[t|/(zt —y) is
not R-flat and the fibre of Z at (0,0) is A}, so Z is not a relative effective divisor.

Lemma 3.5. Let X be a scheme. For every divisor D on X and the points x € X, we have

D >0 (resp., D=0) iff Dy >0 (resp., Dy =0) whenever depth Ox , = 1.

Proof. We prove that, D > 0 follows from D, > 0 for all x € X such that I'(Spec Ox 4, Ox) # T (U, Ox),
where U, is the punctured spectrum. The effectiveness of D is a local property, so we assume that D =
div(f) for a regular meromorphic function f on X. The effective locus dom(f) := {z € X |div(f), > 0}
is open. Hence, by hypothesis, for T':= X\dom(f), we have an isomorphism I'(X, Ox) ~ T'(X\T, Ox).
Consequently, there is an fe I'(X, Ox) such that ﬂdom(f) = f, which forces T' = 0, so D is effective. [

Recall that a faithfully flat morphism of schemes induces an injective pullback map on divisors, hence we
may view the image of a pullback as a divisor subgroup and form the quotient divisor group.

Proposition 3.6. For an fpgc morphism f: X — Y of schemes, a divisor on X descends to Y if and
only if it does so around every y € Y with depth(0y,,) < 1. More precisely, the following map

FDiv(Y) dentn (gy) DY ()

is injective, where we denote Y (y) := Spec Oy, and X (y) := X Xy Y (y).

Proof. For a divisor D on X, we need to show that it is f*(A) for a divisor A on Y if and only if it does
so over all y € Y of depth < 1. The necessity follows from the transitivity of taking preimages of divisors
([EGA 1V4, 21.4.4]). It remains to show the sufficiency. For an open subset U C Y, by faithful flatness,
taking inverse image along fr; induces an injective map Div(U) < Div(f~1(U)). Therefore, for two open
subsets U; and Uy of YV, if there are divisors Ay on Uy and Ay on Uy such that D|s-1y,) = f;}(Al) for
1 =1,2, then Ay and A, coincide over U; N Us so that the solution extends. Suppose that there is a
largest open U C Y such that D[y = f7(Alv). It suffices to prove that any maximal point y € Y\U
has a neighbourhood over which D descends, thereby violating the maximality of U.

As f is quasi-compact, a limit argument [EGA TV 4, proposition 20.3.8(ii)] reduces us to showing that D
descends to A over Spec Oy,,. By hypothesis, we may assume that ¥ = Spec Oy, has depth > 2 at y
and U = Y'\{y}. The open immersion jx: Xy < X is the base change of jy: U =< Y and jx: Xy — X
along f. The divisor A|y corresponds to a pair (£, sy), where 4 is an invertible &y-module and
sy is a regular meromorphic section of % on U. Similarly, we write D = (Zx,sx). The goal is
to descend (Zx,sx) over Y. By hypothesis, we have j%(Zx) = f;(-Zu), hence taking (jx). yields
(Ux)«i%%Lx = (ix)«f1:(ZLv). Note that f is flat, by depth formula [GR18, Corollary 10.4.46] we have
depth(Ox ) > 2 for every z € f~!(y), so flat base change yields Lx = (jx)«f{;(Lv) = [*(y)«(L0).
Since Y is local, .Zx descends to the trivial line bundle (jy )«(Ly) ~ Oy.
7


https://stacks.math.columbia.edu/tag/07ZU
https://stacks.math.columbia.edu/tag/046Z

It remains to descend sx to a regular meromorphic section of &y on Y. Since U C Y is schematically
dense, by [EGA TV, proposition 20.2.11], the section sy extends to a regular meromorphic section sy
such that sy |y o fu = sx|x,. In conclusion, the divisor A := (Oy, sy) satisfies f*(A) = D. O

Corollary 3.7. Let f: X — Y be an fpgc morphism of locally coherent schemes. If Y is normal and for
every y € Y with wdim(Oy,) = 1 the fibre X,, is integral, then the following sequence is exact:

0 — Div(Y) & Div(X) — Div(X)|y© — 0.

Namely, a divisor D on X is a pullback from Y if and only if D¢ = 0 for every mazimal point { € Y.

Reducing to y € Y with Oy, a nontrivial valuation ring, Moret-Bailly’s theorem yields a weakly unramified
extension at the generic point of X, hence I'g, , =~ FﬁXUY ¢» which is the key input for descending divisors.

Lemma 3.8 ([MB22, théoréme A]). Let S be an irreducible Priifer scheme with generic point n, and let
X — S be flat and of finite type. For s € S and a generic point £ of a generically reduced irreducible
component of X, the inclusion Os s C Ox ¢ is weakly unramified, that is, we have T'gg = Foye-

Proof of Corollary 5.7. By Proposition 3.6, the problem is local on y € Y for which 0y, is a valuation
ring. When Oy, is a field, it is clear that D, is a pullback. Now assume that Oy, is a nontrivial valuation
ring. Let ¢ € X, be the generic point. By Moret-Bailly’s Lemma 3.8, Oy, C Ox, ¢ is a weakly unramified
extension of valuation rings. Recall that a weakly unramified extension of valuation rings Vi C V4 induces
a bijection of value groups I'y, ~ I'y,. Every divisor Dy on Spec V5, is a section of I'(Spec Va, 4 * ] 0*),
which, by Hilbert’s 90, just equals to I'y,, so Dj is a pullback from D; € I'y,. (I

Corollary 3.9. Under the setup of Corollary 3.7, for mazimal points n € Y, we have
HY(Y,Gon) = Kex(H(X, G) = [T, H' (X0, G)),

i.e., for an invertible Ox-module £, we have £, ~ Ox, iff it is a pullback of an invertible Oy -module.

Proof. 1t suffices to find a regular meromorphic section s of .Z on X to form a divisor Dy such that
(Dx)p = 0, that is, (Dx), = 0 for every point x € X,. If so, then Corollary 3.7 yields a divisor
Dy = (#,s") such that f*Dy ~ Dx including an isomorphism f*.# ~ &£.

First, we reduce to the case when Y is affine and integral. By [GR18, Corollary 10.5.9], all points in
Ass(Ox) are lying over n so there is a dense open affine neighborhood Yy C Y of 1 such that f=*(Yy) C X
is schematically dense thanks to [GR18, Proposition 10.5.6(i)]. Replacing Y by Y; suffices.

Then, we find the section s. Since X, is integral, Ass(0'x) consists of a single point (, the generic point
of X. For the isomorphism ., — Ox,, let s; be the preimage of the unit section. Let Xo C X be
an affine open neighborhood of z € X, in X and let s be a section of . on Xy such that s, = (s;)a-
By op. cit., the open subsets in X that are schematically dense are exactly those that contains the set
Ass(Ox), hence X is schematically dense in X. Thus, s is a regular meromorphic section of .Z on X.
Finally, by [EGA IV, propositions 20.2.11 and 20.3.5], s induces the section s, of %, as desired. O

Example 3.10 (¢f. [SP, 0EX8]). For a valuation ring V' and a connected V-flat finite type scheme X, if
all V-fibres of X are reduced and the closed fibre is integral, then we have an injection

HY(X,G,,) — HY(X,,G,).

In fact, we may assume that X — SpecV is surjective. The connectedness of X and Moret-Bailly’s
Lemma 3.8 imply that all Y-fibres of X are integral. By Corollary 3.9, every line bundle that trivializes
on generic fibres is a pullback, which is trivial since V' is local.

Proposition 3.11. Let f: X — S be a faithfully flat and finitely presented morphism with geometrically
integral fibres. If S is normal, quasi-compact and quasi-separated, then the following sequence is exact

0 — Div(S) £ Div(X) = Div(X)|gw0) — 0.
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Proof. Tt is clear that the image of f* vanishes on fibres at maximal points of S. Suppose that a divisor
D on X becomes trivial on X, for each maximal point 7 € S. The goal is to show that D is a pullback.

As S is quasi-compact, we may assume that S is normal and integral. By a limit argument combining
[SP, 01ZA], normalization of Nagata schemes (see Lemma 4.2(ii)) and gluing schemes, we write S as
a limit of normal integral Noetherian schemes S; with affine dominant transitions ¢;;: S; — S;. Then
f: X — S descends to a faithfully flat finite type morphism f;: X; — S; and the divisor D descends to a
divisor D; on X;. Since the set of s € S; such that (X;), is geometrically integral is locally constructible
([EGA TV,, théoréme 9.7.7(iv)]) and contains the image of S, by [SP, 05F4] we may assume that f; also
has geometrically integral fibres. Next, we reduce to the case when (D;),, = 0 for the generic point
1; € S;. For every j > i, let n; be the unique generic point of S;.

Claim 3.11.1. Let Fj := {n;} if (Dj)y, # 0 and let F; := () otherwise. Then, the sets with transitions
{Fj,trjlp, }j>i form an inverse system of sets.

Proof of the claim. Every transition tj; is affine dominant for k¥ > j > 4, hence induces a map S ,(CO) - S J(O).
We show that ty;|r, : Fi — Fj is well-defined. Let py;: X — X; be the base change of ty;. If n, € Fj,
then (Dy)n, # 0, so its image n;: tx;(nK) € SJ(O) satisfies that (Dg)y, = (Pjlne)*(D))n,- AS (Drjly, )" is
induced by a field extension, it is injective on divisors. Therefore, if 1; ¢ F}, then (D;),, = 0 so that
(Dk)n, = 0, which leads to a contradiction with n, € Fj,. So {Fj,ti;|r, };>i form an inverse system. [

Since t;; are dominant and affine, there is an isomorphism X (® -~ %iani X j(_o). In particular, by the
claim, the inverse limit F' := @jgi F; is the generic point n € S or (. However, by assumption D|x, =0
so the divisor trivializes over some 7y, for & > 4, which contradicts the construction of Fj. Hence, we have
F =) so that we may assume that F; = () for all j > i, or equivalently, that (D;),, = 0 for the generic

point n; € S;. The problem is reduced to the Noetherian case solved in Corollary 3.7. O

Corollary 3.12. Under the setup of Proposition 3.11, for mazimal points n € S, we have
HY(S,G,,) = Ker(HY(X,G,,) — Hn HY(X,,G,)),

i.e., for an invertible Ox -module £, we have £, ~ Ox, iff it is a pullback of an invertible Os-module.

4. MORPHISMS OF (N)-TYPE

Definition 4.1. Let f: X — S be a flat, locally of finite type morphism of schemes. When X and S
are locally coherent, we say that f is of (N)-type if its generic fibres are geometrically normal and the
fibre X is geometrically reduced whenever wdim &g s = 1. For general schemes, we say that f is of strict
(N)-type if all non-generic fibres are geometrically reduced and generic fibres are geometrically normal.

It is clear that all morphisms of strict (N)-type are of (N)-type. We study their properties as follows.

Lemma 4.2. Let f: X — S be a flat, locally of finite type morphism.
(i) If f is of (N)-type, X is locally topologically Noetherian and S is normal, then X is normal.
(ii) If f is a strict (N)-type morphism of schemes, then X is normal’.

(iii) (Strict) (N)-type morphisms are stable under flat base change: if S — S is flat and f is of (strict)
(N)-type, then so is Xgr — S’. Moreover, being (strict) (N)-type is preserved under fibre products.

(iv) In the case (i) or (ii), assume further that S is integral, X1 and X3 have geometrically integral
generic fibres, then X1 X g Xo is integral and normal.

Proof. The assertion (i) follows from a coherent Serre’s criterion for normality [G1.24, Theorem 2.21].

For (ii), we assume that X and S = Spec R are affine connected. By [EGA IV, scholie 7.8.3(ii)(vi)] and
a limit argument, we write R as a filtered direct union of Rp-finite type normal subdomains (Ry)xep for

Af § is locally coherent and normal (e.g., Noetherian normal), then for X to be normal, the condition that the S-fibres

X are geometrically reduced is only required for s € S such that wdim(&g ) = 1, see [GL24, Theorem 2.21]. Raynaud’s

definition is restricted to the Noetherian case and fails to merge with our notion via limit arguments. Roughly speaking,

(N)-type morphisms require that the locus of non-geometrically-reduced fibres has a “sufficiently large” weak codimension.
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a Z-finite type normal subdomain Ry C R where 0 € A such that X descends to an affine Ry-flat finite
type scheme Xy. The subset E C Spec(Ry) over which Xy — Spec(Ry) has geometrically reduced fibres
is locally constructible ([SP, 0579]) and contains the image of Spec R ([SP, 0576]), hence by [SP, 05F4]
the images of Spec R,, — Spec Ry are contained in E for all large enough p € A. So X descends to X,,,
which is R,-flat, of finite type, and all fibres are geometrically reduced. Since geometrically normality is
preserved and reflected by base field extensions [SP, 038P], X, also has geometrically normal generic fibre.
Then, we are reduced to the Noetherian case, where we combine Serre’s criterion and the depth formula
[EGA TV, proposition 6.3.1] for flat morphisms to check points in each Ry-fibre, that for A > u each
X satisfies (Ry1) + (S2). We conclude by taking the direct limit of normal domains [EGA TV, 5.13.6].

For (iii), note that generic points of S’ lie over those of S, hence Xg has geometrically normal generic
fibres. By [GL24, Lemma A.3(ii)], each s’ € S” with wdim &g/ o = 1 has image s such that wdim Og , < 1,
hence every X, is geometrically reduced. In particular, being (N)-type is stable under fibre products.

The assertion (iv) follows from [EGA Vs, proposition 4.6.21 and corollaire 2.3.5]: the fibre product
X1 X5 X2 has geometrically integral generic fibre, hence is irreducible. (]

Given an integral scheme S and a scheme morphism f: X — S, let p(X) or ps(X) be the geometric

number of irreducible components of X, that is, the number of irreducible components of X, @y, k:%lg. The

following lemma analyses p in fibre products and is useful for the (semi)ample criterion Proposition 6.4.

Lemma 4.3. Let f: X — S and h: Y — S be (strict) (N)-type morphism of normal integral schemes.
Let g: X —Y be an S-morphism and Zy C X xgY the connected component’ containing the graph Iy.

(i) For the composite T :=pry|z,: Zo — X XgY — X, we have p(Zp) = 1.
(ii) Let X xsY = ZyU; Z; be the component decomposition. For the map m; := pry|z,, we have

pm(Zi) < Ph(Y) - L

Proof. Note that Z is irreducible since X xg Y is normal (Lemma 4.2(i) and (ii)). Let n, £ and ¢
be the generic points of S, X and Y respectively. The scheme X xg Y is X-flat, thus its irreducible
components correspond to those of  x,, (. In particular, (Zy)¢ is connected, which, with the presence of
a &-rational point and [EGA IV, corollaire 4.5.14], yields p(Zp) = 1. It remains to deduce (ii). In fact,
Ppr, (X xgY) is equal to the number of irreducible components of Spec(k(¢) @y k(£)™), so equals to
pr(Y). Consequently, for any irreducible component X; of (X xg Y)\Zy, we get the desired inequality

P (Xi) < ppr, (X X5 Y) = pr(Zo) = pr(Y) — 1. 0

Lemma 4.4. For a normal, locally coherent scheme S and a morphism f: X — S of (N)-type, we have

1
XGo= 1] xPu || xO.
nes©) wdimOs ;=1

If X is locally topologically Noetherian, then x € X\(,la)1 iff depth Ox » = 1, iff Ox , is a valuation ring.
Proof. We write X := Llnes(0> Xy(,l) and Xg := deimﬁs =1 XS(O). Fach local ring at x € X; is a discrete
valuation ring. If x € X2, then by Moret-Bailly’s Lemma 3.8, Ox . is a valuation ring. Conversely, every
local ring Ox , satisfies the inequality of weak dimension [GL24, Lemma A.3], hence X\(,l) C X1 U Xs.

al
For the next assertion, by Lemma 4.2, X is normal and locally coherent. So [GL24, Theorem 2.21] (which
needs topological Noetherianness) implies that depth O'x , = 1 which amounts to that Ox  is a valuation
ring. Now assume that depth Ox , = 1. If f(z) = 7, then the normality of X,, forces z € X,gl). If

f(z) = s such that wdim Og ; = 1, then the depth formula [GR18, Theorem 10.4.37] forces that = € x{.
It remains the case when wdim Og ¢,y > 2. Again by [GL24, Theorem 2.21] we have depth O f(,) > 2

which contradicts with the depth formula. Consequently, depth Ox , = 1 implies that z € X\(,g)l (]

In the view of Lemma 4.4, we get the following special cases of Lemma 3.5 and Corollary 3.7.

5The existence of Zy is guaranteed because X = 'y = X Xg Y is an immersion and X is connected.
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Corollary 4.5. For a morphism f: X — S of (N)-type satisfying all conditions in Lemma /./, then
D >0 (resp., D=0) iff D, >0 (resp., D, =0) for allx € X\(,L)l

Corollary 4.6. For a locally coherent normal scheme S, let X and'Y be topologically locally Noetherian
(N)-type S-schemes. If for each y € Y\gl) the fibre X, is integral, then the following sequence is exact:

al
0 — Div(Y) &5 Div(X) — Div(X)|y© — 0.
In particular, for mazximal points n € Y, we have
HYY,G,,) = Ker(H (X, G,,) — Hn HY(X,,Gn)),

i.e., for an invertible Ox-module £, we have £, ~ ﬁxn iff it is a pullback of an invertible Oy -module.
This exact sequence allows us to trivialize torsors over valuation rings, as the following example illustrates:

Example 4.7. If V is a valuation ring and X is a connected (N)-type V-scheme with integral closed
fibre, then every line bundle on X that trivializes over Xgyac v is trivial.

Now we generalize the comparison [GR18, Propositions 11.4.6] to (N)-type schemes over regular bases.
Proposition 4.8. Let f: X — S an (N)-type morphism for regular, topologically locally Noetherian S.

For the smooth locus X™ of f, taking restriction induces equivalences of categories

{rank-one reflexive sheaves on X} — Pic(X*™) and Ox-Rx' = Div(X*™).

Proof. Suppose that & is rank-one reflexive, then Theorem 2.4 implies that &|xsm € Pic(X®™), which
guarantees the restriction functor is well-defined. Each fibre X is geometrically reduced, so is generically
smooth. Similarly, generic fibres X,, are smooth in codimension 1. We conclude that any local ring Ox
at z € X\ X is not a valuation ring, i.e., wdim(&x ,) > 2. Note that the open immersion j: X — X
is quasi-compact, by [GL24, Theorem 2.20] the assertion holds. O

5. PICARD-ADMISSIBILITY OF INVERTIBLE SHEAVES WITH GROUP ACTIONS

Leveraging the descent properties of (N)-type schemes, we establish the theorems of the cube and the
square without smoothness hypotheses. This reduces the Picard-admissibility of an invertible sheaf to its
generic fibre, preparing for global ampleness constructions.

5.1. Theorems of cube and square. Let S be a scheme and f*: X* — S (i = 1,2, 3) be S-schemes.
For an invertible sheaf . on C := X! x5 X? xg X3, we introduce the cubical difference on C x g C' as
follows. Identify C x g C as the S-product H?:1 X% xg X% and for each I C {1,2,3} define the morphism

P X xg X X', ifiel
. OxsC—=C b ; iz{prl X5 A K
ars Coxs € O by arlxoxs = (0 X WX X0, i g .
which prescribes the i-th factor. Set
(L) = ®pcqrom 6LV € Pie(C x5 ).
We say that .2 satisfies the theorem of cube, or cube(.%) holds, if ¢(Z) ~ Ocx ¢
Similarly, we put W := X! x5 X? and for J C {1,2} define the following morphism
pri: X' xg X' » X', ifielJ
pry: X' xg X' — X*, ifigJ
where the X3-factor is the identity. Let m: W xg W xg X3 — W xg W be the projection and set
S(Z XN X?) = @iy i (L)PD € Pic(W xg W x5 X?).
We say that £ satisfies the theorem of square with respect to (X1, X?), and write sq(.Z; X!, X?), if
s(L; XY X?) ~ 7t for some A € Pic(W x5 W).
The two notions are related by a formal identity: Indeed, writing C' xg C ~ W xg W xg X3 xg X3, let
pr: C xgC — W xg W xg X3 (k=1,2) be projections. Then one has a canonical isomorphism
o(ZL) = prys(L; X X?) @pris(L5 X X7
11
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hence sq(.Z; X!, X?) = cube(.¥). Conversely, If cube(.#) holds and each of the following is satisfied
(i) f2: X3 — S permits a section;
(ii) f3is fpqc and for every T — S we have f%*(ﬁxg) = 07",

then sq(.Z, X!, X?) also holds.

The following generalizes [BLLR9I0, §6.3, Theorem 1] and [Ray70, chapitre IV, théoréme 2.3].

Proposition 5.2. Let S be a normal integral scheme with generic point n. Let X* — S be three scheme
morphisms of strict (N)-type (resp., (N)-type). Assume that X% and X3 are geometrically integral (resp.,
when wdim Os s = 1), and X3 — S is surjective. Let £ be an invertible sheaf on C = X' xg X2 xg X3.

(i) For W and m as in §5.1, and the generic point £ € W xg W, we have the following equivalences
sq(Z, X', X?) holds < sq(.,f,?,X1 Xf]) holds <«  s(Z, X", X?%)¢ is trivial.

no

(ii) There is n € Zwq such that sq(L®", X*, X?) holds, a fortiori, the theorem of cube holds for L®".

Proof. For (i), by definition, if sq(.#, X', X?) holds, then sq(%;, X,}, X?) holds, and so s(Z, X!, X?)¢ is
a pullback of an invertible sheaf over £ hence trivial. It remains to show that the triviality of s(.Z, X!, X 2)5
implies that the theorem of square of . for the factors X! and X2, namely, s(.Z, X', X?) is a pullback of
an invertible sheaf along 7. Hence, we check the conditions in Corollaries 3.9 and 3.12. By Lemma 4.2(iii),
the fibre product W xg W is of (strict) (N)-type over S. Note that 7 is fpqc.

For w € W xg W such that wdim O« gw. = 1, by [GL24, Lemma A.3(ii)], the image of w in S has
local ring of weak dimension at most one, so 7~ !(w) is integral. Consequently, Corollaries 3.9 and 3.12
apply and yield an invertible sheaf .# over W x g W such that . ~ 7*(.#), so sq(-Z, X', X?) holds.

To prove (ii), it suffices to exploit (i) to reduce us to the case when S = Speck for a field k and (X*)?_,
are locally of finite type, geometrically (normal and integral) k-schemes. For this, we first prove a claim.

Claim 5.2.1. There is a finite field extension K/k such that sq(ZLrx, Xk, X2) holds.

By this claim, there is an invertible &y «, w),-module . such that s(Zx) — 75 (.#) is an isomorphism.
So we have §(.Z)%" = s(L%") ~ n*(Normp ., (.#)), which leads to the assertion (ii). O

Proof of the Claim. The assertion (i) permits us to replace X! by an affine open subset U'. Up to
a finite field extension, there is a k-rational point on X2, hence we are reduced to showing that
cube(Lx |y1 «x2 xx3 ) holds for a finite extension K/k. By symmetry, it suffices to verify over X2 x

X3 x Uy, or further, verify sq(fﬂxixx%xlj}(,)(%(, X3.). So we may assume that X? is affine.

Consider the perfect closure k C kP°™ as a direct limit (union) of a finite subextensions, then a limit
argument combined with faithfully flat descent reduce us to the case when k is perfect.

As X3 is separated and of finite type, Chow’s lemma [EGA 11, 5.6.1] yields a projective birational map
g: X3 — X3. By the normality of X3, the map ¢ is an isomorphism on an open U that contains all
points of codimension < 1. The perfectness of k ensures that the smooth and regular loci coincide, so we
have codim(X3\U*™) > 2. Then Hartogs’ extension permits us to replace X® by U™, which is smooth
and quasi-projective. Using (i) to shrink X! and X? to affine open subsets, we may assume that they are
smooth and there are projective normal schemes (Y?)?_, containing (X¢)3_, as open subschemes.

Let Z = X?x; X, and consider the line bundle A" = p}y3.Z @pieyZ " on X' %}, X? X} Z, where pio3 and
p124 are the projections to the respective factors of X1 x, X2 x; X3 x; X3.. Up to a finite field extension,
we may choose k-rational points z; € X' and 2z, € X?2. Rigidifying % along these points ensures that
A is trivialized along {z1} x5 X2 X3, Z and X! x {22} X Z. Let E C Z be the maximal subscheme
over which the rigidified line bundle .4 is trivial. Because (X%)?_, are dense opens of the projective
normal schemes (Y%)7_,, standard representability properties of the Picard functor for projective normal
schemes (combined with the seesaw principle [CF23, Proposition 3.1]) guarantee that E is clopen in Z. By

6This is a stronger condition than that f3 is cohomologically flat in degree zero.
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construction, the pullback of .4 along the diagonal idy1x, x2 x At X1 xp X2 xp X3 — X1 xp X2 x; Z is
trivial, as it is isomorphic to £ ® £ ~! ~ &. This triviality implies that the diagonal A(X?3) is contained
in E. Note that Z is geometrically connected, the nonempty clopen E should be E = Z. Consequently,
A is trivial over X! x X2 x; Z. This precisely translates to .Z satisfying the theorem of the cube. As
X? permits a section over k, the required sq(.%, X', X?) holds. This completes the proof. (|

Variant 5.3. For k-schemes (X*)3_, locally of finite type, geometrically (normal and integral), and an
invertible sheaf £ on the cube C, if X3 is separated, then there is a purely inseparable field extension

K/k such that sq(ZLx, Xk, X2) holds. In particular, if k is perfect, then sq( Lk, X5, X%) holds.

Proof. By a limit argument and fpqc descent, we may assume that k is perfect. Since the proof above
essentially used the property that X2 is separated and of finite type, it remains to reduce to the case
when X3 is of finite type. We write X as a union of increasing open subsets X;, which are of finite type.
The assertion concerns the triviality of s(.Z). Hence, we consider the following exact sequence

0 — R'im H(X;,Gp) — HY (X, Gpy) — lim H' (X, Gy

It suffices to show that R! @HO(XZ-,GW) =0, or, by [SP, 0CQA], that the system (I'(X;, Ox,)™); is
Mittag-Leffler. In fact, for 7 large enough, the injections I'(X;)* /k318* — I'(X;)* /k*&* are bijections
for all j > i: these groups are of finite type due to [Kah06, lemme 1] hence their ranks are equal when 4
is large; by the normality of X, every f € I'(X;)* such that f" € I'(X;)* is also invertible on X;. O

Remarks.

5.4.1 The proof above circumvents the representability of the Picard functor, which is indispensable
when X3 is merely locally of finite type. When X3/k is proper and I'(X3) = k, however, an
alternative perspective due to Raynaud illuminates the reason behind the theorem of the square
and the necessity of taking a tensor power in (ii). Under these properness assumptions, Pic ys i 18
representable by a group scheme. The invertible sheaf .% on X! x;, X2 x;, X2 induces a k-morphism

v: X' % X? — Picya .
Hence, the condition that sq(.#, X1, X?) holds translates to the vanishing of the cross-difference
X' xp X1 xp X2 % X% — Picys

given by (z1,y', 22, 9?) — v(z!,2?) —v(y!, 2?) —v(x!, %) + v(y',9?). Assuming X! and X2
possess rational points, this vanishing is equivalent to saying v is “decomposed”, i.e., there exist
k-morphisms v*: X* — Picys , such that v(z', 2*) = v'(2") + v*(2?), which corresponds to the
theorem of the square.

When X! x;, X2 is geometrically integral, rigidity lemmata force such cross-differences to vanish if
the target is an abelian variety. The obstruction lies entirely in the unipotent part of m‘;@ k- In

characteristic p > 0, any unipotent element is killed by a power n = p”. Thus, a suitable multiple
v +— nv eliminates the obstruction, which means that sq(£®", X!, X?) holds.

5.4.2 The purely inseparable extension in Theorem 5.3 is unavoidable. Assume that k is imperfect
and char(k) = p > 2, and choose b € k\kP. Let G C Gz’k be a wound k-form of G, defined by
w—uP = bv? —vP" and let H C Gi}k be the Artin-Schreier pullback of btP: G4 — Gk, defined

by w + wP + btP? = 0. By construction, the completion H C Pi at oo is normal but over k it has a
cusp so that Pic% Ik has nontrivial unipotent part. As H has positive genus, the Abel-Jacobi map

. ;0
0: H — Picy .,

z = [z — o0

is nonconstant. There is natural Frobenius-compatible alternating biadditive surjective pairing
h: GxG — H, ((u1,v1), (ug,v2)) — (ulug — ulug, vouy — U1U2).

Then v := foh is not decomposed. Let .Z € Pic(G x G x H) represent v, and write . := yﬁxng.

Since v is not decomposed, Raynaud’s criterion (decomposed < square) shows that sq(Z, G, G)

fails. Moreover, s(-%)¢ is algebraically equivalent to 0 on YZ, while H¢ \ He = {o0¢}; hence its
nontriviality implies s(.Z)¢ # 0. Therefore sq(.Z, G, G) fails, and so does cube(.Z).
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5.5. Neutral components and homogeneous spaces. For a scheme S and an S-group scheme
G, recall [SGA 37 0y, exposé IV, proposition et définition 6.7.3] that the G-homogeneous space X is
isomorphic to an fppf quotient of G by a subgroup scheme H C G. If the neutral component G° C G is
representable, then X ~ G/H is equipped with an action by the group scheme G°, inducing a bijection

{X/ ~, where x ~y if . =g -y for a g € G°} « {irreducible components of X}.

Hence, every open U C X satisfies G° - U = X if and only if U contains all the maximal points of X.

5.6. Picard-admissible invertible sheaves. For a scheme S, an S-scheme X, and an S-group scheme
G acting on X, there is a G-action on Pic(X): for an S-scheme T and an invertible sheaf . on Xr,

G(T) x Pic(Xr) — Pic(Xr), (9,.%) = 9.2 =1, (£), where ty(z) = g~ " - z.
By construction, this action factors through Pic(T"), inducing a G-action on the relative Picard functor
G x Picx;s —+ Picx/g, where Picy,g:Sch,g — Set, T + Pic(X7)/Pic(T).
Now fix an invertible sheaf . on X, then the action map above induces a natural transformation
dc,.z: G — Picy/g, g 92021

Further, if ¢ < is a homomorphism of group functors, then we say that & is Picard-admissible, which is
equivalent to a theorem of square, see Lemma 5.7 below with a sketched proof.

Lemma 5.7 ([Ray70, chapitre IV, proposition 3.1]). For a scheme S, an S-scheme X, an S-group scheme
G acting on X, and an invertible sheaf £ on X, the following two assertions are equivalent

(i) & is Picard-admissible, namely, 0c ¢ : G — Picx,s is a homomorphism of group functors;

(ii) for the pullback A of £ under the morphism G x5 G x5 X — X by sending (g1, g2, ) to g195 ',
sq(A#,G,G) holds.

Proof. The key is that, by construction, we have s(.Z,G,G) = 9193.¢ @ 9191 L1 @ 9293 L~1 © 9291 L
where (g1, 92, g3, g4) is the coordinate of the fourth power of G. To show that g is a homomorphism,
it suffices to check that " ¥ @ ¥ 1 ~ 99 @ ¥ 1" Y1 o "L o9 ' h Lo L is
trivial, which is implied by the triviality of s(.#,G,G) by letting g2 = g4 = 1 and g1 = g and g3 = h.
Indeed, s(.#,G,G) is trivial in Picx/g if it is a pullback from G x5 G x5 G xg G, since Picx/g
ignores all pullbacks from the parameter schemes functorially. Therefore, we have (ii) = (i). If dg is a
homomorphism, then s(.#, G, G) ~ 919395 91 93 '92 9294 & — #®0 ig trivial, so is a pullback from the
baSGGXSGXSGXSG. O

Corollary 5.8. If £ is Picard-admissible, then for any g € G, we have 9.L ® 9 P~ o2 locally on S.
For every s € S and pair (g,h) € G(S) x G(S), there is an open neighborhood of s over which we have

1Y phy ey Xy g8,
Proposition 5.9. For a scheme S, an S-scheme X, an S-group scheme G acting on X, and an invertible
sheaf £ on X, in each of the following two cases, £ is Picard-admissible:
(i) G is an abelian scheme, X(S) # 0, and X x5 X is its only clopen containing Ax;s(X).

(ii) S is locally Noetherian, X has an S-section, G is flat finite type over S such that O(G) = k(s) for
all s € S, and for every t € S as the image of a mazimal point of X xg X, %, is Picard-admissible.

Suppose that S is normal integral, G and X are of strict (N)-type (resp, (N)-type) over S with geometrically
integral generic fibres, and for each s € S (resp, such that wdim Og , = 1), either

(1) Gy is integral and X has an S-section, or
(2) X, is geometrically integral.

There is an integer n > 0 such that £®" is Picard-admissible.
14



Proof. The cases (i) and (ii) are [Ray70, chapitre IV, théoréme 3.3 1) and 2)]. We prove the next assertions.
Recall the Picard-admissibility, we need to show that there is an integer n > 0 such that the pullback
MO of L along the morphism G x5 G x5 X — X via (g1, 92, %) — g195 ‘2 makes sq(.#Z®", G, Q)
hold. If (2) is satisfied, then it suffices to let X! = X? = G and X® = X in Proposition 5.2(ii) to conclude
that sq(.Z%",G,G) holds. If (1) is satisfied, then we regard X as X? at the end of §5.1 by the presence
of the S-section of X to reduce sq(.#%", G, G) to cube(.#®™). Now, we change the order of G, G, and X
by letting X' = X and X2 = X3 = G. By [EGA 1V, corollaire 4.5.14], the scheme X3 = G satisfies the
conditions of Proposition 5.2. Also, G and X are of (strict) (N)-type over S with geometrically integral
generic fibres, so Proposition 5.2(ii) implies that the desired cube(.Z®") holds. O

6. CRITERIA FOR AMPLENESS
This section translates the Picard-admissibility established earlier into criteria for ampleness. Bypassing

Noetherian hypotheses, we explicitly construct ample sheaves directly from group orbit boundaries.

6.1. Projectivity and group actions. Let f: X — S be a quasi-compact and quasi-separated
morphism of schemes. For an invertible &x-module . and the quasi-coherent graded &s-module
Be :i= f*(@nzo Z%®™), the map id: Bs — B, induces a canonical homomorphism of graded Ox-algebras

Ui f1(Be) = Dz L
Note that Proj(€D,,», £®") = Proj(0x|t]) = X, the homomorphism ¢ induces the following S-morphism
re: Xy — P = Proj(B.),

where X ¢ C X is locally the complementary open of Vi (¢¥(f*(Bs)+)), see [EGA 11, 2.8.1]. In particular,
X o is the largest open over which v is surjective on large degrees. Geometrically speaking, if X ¢ ; C X
is the open locus where %" is S-relatively generated by global sections for each i € Z~g, then we have

Xy = Ui>0 Xf,i? where Xf,i = USGF(X,C_(/@i) X,

and X g ; is the largest open of X over which f*f,.Z®" — £®% is surjective. In particular, by [EGA III;,
proposition 1.4.15] and [EGA IV, 1.7.21], the formation of X & ; commutes with flat base change S" — S.

Setup. Let G be an S-group scheme acting on X. We assume that G is universally open over S, so that
G-orbit of every open U C X is open in X. Let .Z be Picard-admissible with the G-action.

Proposition 6.2. Under the Setup, suppose that f is of finite type, the S-group G is flat finitely presented
with connected S-fibres, and X = |J,oo X.z,i. Then, for every g € G(S) there exist

open subschemes U, and U, of P containing r(X) and an S-isomorphism 7,: Uy — Uy
such that the following diagram is commutative, where ty is the translation by g:

In particular, the following assertions hold
(i) The set X% :={x € X |rg is flat at x} satisfies G - X% = X%
(ii) The set X9 .= {x € X |rg is quasi-finite at x} is open in X and G - X% = xat-<;
(iii) The largest open Py C P such that r¢|p, is an open immersion has G-saturated preimage
G 1 (P) =1, ()
and restriction of £ on every quasi-compact open subscheme of rg;l (Po) is S-ample. Further, if

X is S-separated, then we have rn_gl(Po) = Xxat.Z,

Proof. See [Ray70, chapitre V, proposition 3.1 and corollaire 3.6]. (I
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Lemma 6.3. For a scheme S, an S-flat group scheme G with connected fibres acting on a quasi-compact
quasi-separated S-scheme X, and a Picard-admissible invertible sheaf £ on X,

(i
(ii

) we have G- X ; C Xg o for alli € Zso;
)

(iii) X = X if and only if for every x € X, the intersection X o NG - x is nonempty;
)

the open X o C X is stable under G-action;

if X is quasi-compact, then (iii) holds if and only if £ is S-semiample (that is, some power LS
is generated by its global sections relative to S).

(iv

Proof. The assertions (ii)—(iv) follow from (i) directly. The proof of (i) is given in [Ray70, chapitre V,
proposition 2.1] and we sketch it briefly. For every g € G(S), the translation 9.2 ®% is generated by global
sectionson g+ X ;. f g- X, Ng™ - X # 0, then by 929 @ 97" ®i ~ L®2 (Corollary 5.8), the
power .Z®%! is generated by its sections on g- X ;N g™+ Xg; locally on S, to the effect that

g Xging ' Xgi CXgpo.

By this observation, it suffices to show that each z € G - X ; lies in some g- X ; N g ! - X, for a
g € G(S5). By taking a flat base change from a local ring of G, we may assume that S is local, so we are
reduced to finding such g in the closed fibre Gs. Hence everything is over a field, then the connectedness
of Gy (so it is geometrically irreducible) implies the existence of such g. O

Proposition 6.4. Let R be a normal ring and G a flat finite type R-group scheme with connected
fibres. For a topologically Noetherian R-scheme X of strict (N)-type (resp., (N)-type) and an invertible
Ox-module Z, if G is S-smooth (resp., G is smooth if wdim Og s < 1), then we have equivalences:

(a) & is semiample iff every orbit G - x meets some Xy for f € I'(X, £L®");
(b) &£ is ample iff every orbit G - x meets a quasi-affine Xy for f € I'(X,.2%").

Proof. Since the implications “=-" are clear for (a) and (b), it remains the directions “<”". Lemma 4.2(i)
and (ii) yield the normality of X respectively. Every quasi-compact open of X has finitely many irreducible
components, so by [SP, 0357], we may replace X by each of its normal integral connected components
(with generic point £). Denote S := Spec R and 7 the generic point.

We first consider the preliminary case when X, is geometrically integral and X has an S-section. As
[EGA IV, corollaire 4.5.14] implies that G and X have geometrically integral generic fibres, the conditions
in Proposition 5.9 (1) are satisfied, so there exists an integer m > 0 such that Z®™ is Picard-admissible.
Therefore, we may replace n by mn to assume that £ is Picard-admissible. For the case (a), we apply
[SP, 047M] and Lemma 6.3(iv) to conclude. For the case (b), by [SP, 01Q3](1)<(2), it suffices to show that
for all homogeneous elements b € T'(X, £®*) ., the open subsets X} cover X and the canonical morphism
re: X — P is an open immersion. For the largest open subset Py C P over which r¢ is an open
immersion, the G-stability of 7' (Py) (Proposition 6.2(iii)) and the assumption reduce us to showing that
every X is contained in rﬂ;l (Py). Equivalently, it suffices to show that r|x, is an open immersion. Recall
[EGA 11, proposition 3.7.3] that ' (D4 (b)) = X and I'(Xy, Ox) ~ (D4 (b), Op), where Do (b) C P is
the affine open determined by b. Hence, the morphism r¢|x, : Xy — D4 (b) = SpecT'(X}, Ox) is an open
immersion because X} is quasi-affine.

Now, we establish the general case by using above resolved case iteratively. Recall the notation in
Lemma 4.3. Our induction hypothesis is that the assertion holds for all X with p(X) < N for a
fixed integer N > 0. Thus, the goal is to show that under this hypothesis, the assertion holds when
p(X) = N + 1. Note that the case when N = 0 is trivial because X = (). Now assume that N > 1.

Replacing S by its open subscheme, the image of X, we may assume that X — S is fpqc. If X xg X is

not connected, then we exploit Lemma 4.3 so that p(X;) < p(X)—1= N, hence the induction hypothesis

applies to each X;. In particular, the assertion holds for X xg X. On the other hand, if X xg X is

connected, then the analysis in the proof of the claim already shows that X xg X has geometrically

integral generic fibre over X, so the preliminary case applies to X xg X. By fpqc descent, the assertion

for X xg X descends to X, hence the assertion holds when p(X) = N + 1, as desired. O
16


https://stacks.math.columbia.edu/tag/0357
https://stacks.math.columbia.edu/tag/047M
https://stacks.math.columbia.edu/tag/01Q3

Corollary 6.5. For an affine scheme S, an S-quasi-separated finite type scheme X, an S-flat finitely
presented group scheme G with connected fibres acting on X, a Picard-admissible invertible O'x -module £
is S-ample if and only if X is covered by the G-orbit of U = User(x,xé@n) X, where X, are quasi-affine.

Proof. It £ is S-ample, then by [EGA TI, théoréme 4.5.2] every z € X has an affine open neighborhood
of the form X, for some s € I'(X,.£%®"). In particular, we have U = X, hence “=" is proved.

Now, we show “<”. First, using Lemma 6.3(iii), we have X = X . By Proposition 6.2(iii), the preimage
1 (Py) is G-stable. Furthermore, to prove that .# is S-ample, it suffices to show that r3'(Py) = X.
Indeed, if so, then X is covered by quasi-compact open subschemes on which £ is ample, which implies
£ is ample on X since X is quasi-compact. Thus we are reduced to showing that U C r;fl (Py), or, for
every o € I'(X, . £®") such that X, is quasi-affine, the restriction r¢|x,: X, < P is an open immersion.

Denote P, := D, (o) = Spec((Bs)s)o, then rg restricts to a morphism X, — P,. This induces an
isomorphism I'(P,, 0p) = T'(X,, Ox) by sending t/o* where s € T'(X,.Z®") to the unique function
f €T(X,,O0x) such that t|x, = f -o"|x,. Since P, is affine, we can identify P, with Spec(I'(X,, Ox)).
By [EGA TI, proposition 5.1.2], the canonical morphism from a quasi-affine scheme to the spectrum of its
global sections is an open immersion. Therefore, the morphism r¢|x, is an open immersion. (|

Corollary 6.6 ([Ray70, chaptre VI, théoreme 2.1]). Let S be an affine scheme and G an S-flat locally
finitely presented group scheme. Let Y be a G-homogeneous space locally of finite type over S. Suppose
that the neutral component G° C G is representable and there is a G°-stable quasi-compact quasi-separated
open X C Y. For a Picard-admissible invertible Ox -module £ with respect to the G°-action, then

(i) & is semiample iff any mazimal point of fibres of X lies in an X, for o € T'(X, £%");
(ii) & is ample iff any mazimal point of fibres of X lies in a quasi-affine X, for o € T(X,.£%").

Proof. For the case (i), by the quasi-compactness of X, the sheaf £ is semiample if and only if X = X ¢ ,
for some n > 0, if and only if X = X ¢, and by the G°-stability of X &, if and only if G°- X = X, hence
by the end of §5.5, is equivalent to the existence of a desirable X,. For the case (ii), we take U as the
union of all quasi-affine open X, C X for all o € T'(X,.Z®") for some positive integer n, and then apply
the criterion for ampleness Corollary 6.5 to acquire the equivalence between the ampleness of £ and the
assertion X = G° - U, which is equivalent to the existence of a desirable X, by the end of §5.5. ([

Lemma 6.7. For a scheme S, let G be an S-group scheme that is universally open, locally of finite type,
with connected S-fibres and let X be a locally finite type S-scheme equipped with a G-action. Then

X is S-separated iff  there is an S-separated open U C X such that G-U = X.

Proof. We use valuative criterion for separatedness. Since all the conditions are preserved under S-base
change, it suffices to assume that S is the spectrum of a valuation ring V with fraction field K. Since the
S-separatedness of X is insensitive to its nilpotent structure, we may assume that X and G are reduced.
Then by Lemma 3.2, G is S-flat. The algebraic closure K contains V so by [SP, 00IA] we may assume
that K is algebraically closed, hence so is the residue field x := V/my. By Lemma 3.1, G is locally of
finitely presentation over V. Now, we consider two V-sections s; and sy of X such that s;|x = s2|x and
the goal is to prove that s; = so. If s; and so are contained in U, then we are done. Hence, it suffices
to exploit the G-action to transport s; inside U. First, consider two maps ¢;: G, — X, by sending
g to g (8;)x. Since G-translations of U cover X, the preimages gbi_l(U) are nonempty. Besides, the
Cohen-Macaulay locus CM(G,,) is open in G, [SP, 00RF]. Note that the connectedness of G, implies the
irreducibility of Gy, [SGA 31 ow, exposé VI, corollaire 2.4.1], so we have

W= ¢ HU) N ¢y H(U) N CM(G,) # 0.

As k is algebraically closed, there is an element gg € W. Thus, by [EGA IV, proposition 17.16.1], there

exists a closed subscheme T' C G that is fppf finite over V' and passing through gg. Taking a valuation

ring V’ dominating the local ring of T' at gg, we obtain a flat local homomorphism V < V' so it is an

fpqc cover. Base changing everything to V', we extend gg to a V’-section g of Gy/. As Uy is separated,

two sections are equal g - (s1)y’ = ¢ - (s2)y7, hence (s1)ys and (s2)y+ coincide. Every algebraic space over

a scheme is an fpqc sheaf by Gabber [SP, 0APL], we conclude that s; = s2, so X is S-separated. (I
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Theorem 6.8. Let S be a locally (coherent, topologically Noetherian) normal scheme and G an S-flat
group of finite type with connected fibres. For an S-smooth scheme X with G-action and an S-quasi-affine
open U, let (D;)ier be one-codimensional irreducible components of G-U — U. If G4 is smooth whenever
wdim Og s < 1, then any cycle D := " n;D; is an effective divisor, and £ := Ox (D) is S-ample.

ni€Z>o

Proof. Since U is S-quasi-affine, by [SP, 01SL] it is quasi-compact and separated and the orbit G - U is
quasi-compact. We may assume that X = G - U, which is S-separated due to Lemma 6.7. The problem is
local on S, so we may assume that S is affine to prove the ampleness of .£. Note that each S-fibre of G
is geometrically irreducible, so U contains all the maximal points of S-fibres of X.

Step 0. If I = ), then .Z = Ox. The Hartogs’s extension [GL.24, Theorem 2.20] implies that j.Oy ~ Ox,
where j: U — X is the open immersion, and similar for every G-translation of U. Every xz € X is
contained in a G-translation of U, whose S-quasi-affineness yields an affine open U, where b € I'(U, Oy).
Then b extends to b € T'(X, Ox) such that z € X3 C X. The S-separatedness of X and the affineness of
Uy imply that U, — X7 is affine. However, we have I'(X3, Ox) ~ I'(Up, Ox) so Uy = X3. As a result, X;
is an affine open containing x, so .Z is ample ([EGA II, définition 4.5.3]).

Step 1. If I # (), then the cycle D is a relative effective divisor on X. To see this, we factorize j
as U — U X, where paff — Spech*ﬁU is the affinization such that depth Ox , > 2 for every

z € UM\U. Then the open immersion U < X is affine and D ¢ X\U*®, so Proposition 3.3 applies.

Step 2. To verify that . = Ox (D) is S-ample, we leverage the criterion for ampleness Proposition 6.4
(b) to reduce us to showing that for every z € X, there is f € I'(X,.2®") such that Xy is quasi-affine
and Xy NG -z # 0. Since X = G - U and U is quasi-affine, we may assume that « € U. The faithfully
flat descent for ampleness and the dévissage in the proof of Proposition 6.4 reduces us to the case where
X, is geometrically integral and X has an S-section. Therefore, replacing £ by a larger power as in
Proposition 5.9(2), we may assume that .Z is Picard-admissible.

Step 3. Recall §6.1 that there exist an open subscheme X ¢ C X and an S-morphism
re: Xe — P.

Since D is effective, by [SP, 01X0], there exists o € T'(X,.Z) such that X\ Supp(D) = X,,. By construction
of D, we have U C X, so G- X, = X and Lemma 6.3(iii)(iv) implies that X = X. On the other
hand, we have a Hartogs’s extension I'(X,,0x) ~ T'(U,Ox). For the morphism ry: X — P, by
[EGA I, proposition 3.7.3], we have X, = 7' (D4 (0)) and I'(D(0), Op) ~T'(X,, Ox). Consequently,
by composition, we obtain an isomorphism I'(D4 (o), Op) ~ I'(U, Ox). Note that U is S-quasi-affine,
thus [EGA TI, proposition 5.1.2] implies the desirable result that r |y : U < P is an open immersion.

Step 4. For an z € U, since P is a projective space, there exists f € I'(X, £®") such that D, (f) C P
is open affine and re(x) C Dy (f) C r(U). By Step 3, r&|y is an open immersion, so the preimage
Xy =1, (D4(f)) satisfies X; N U ~ D, (f), which is affine and contains z. The open immersion
X;NU < Xy is affine thanks to [EGA 11, corollaire 1.6.3], then X; NU = (X; NU)* = X, because
I'(Xy, O0x) ~T'(Xy NU, Ox). Consequently, we obtain Xy C U as a quasi-affine neighborhood of z. O

By a limit argument, the smooth case of Theorem 6.8 leads to [Ray70, chapitre V, corollaire 3.14].

Corollary 6.9. Let R be a normal domain and G an R-smooth group with connected fibres acting on an
(N)-type R-scheme X . If X has an R-quasi-affine open U such that G-U = X, then X is quasi-projective.

Corollary 6.10. For a locally (coherent, topologically Noetherian) normal scheme S, an S-smooth group
G, a G-homogeneous space Y with opens U C X CY such that U is S-quasi-affine and fibrewise dense
in X, and all irreducible components (D;)icr of X\U of codimension one in X, then for any n; € Zso

D=3, niD; is an effective divisor, and £ := Ox (D) is S-ample.

Proof. The smoothness of G by [SGA 3| ,cw, exposé VIp, théoréme 3.10(iv)] yields the representability of

the neutral component G°, hence we may consider the open subsets X C G°-U C Y (where the first

inclusion is due to the end of §5.5). Subsequently, let (F});c.; be the irreducible components of G° - U\X

of codimension one in G°- U (and are S-flat in the case (ii)) and let D" := 3", ; Fj, then Theorem 6.8
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implies that D + D’ is an effective Cartier divisor on G° - U such that Ogo.iy(D + D’) is S-ample. The
invertible sheaf @x (D) is the restriction of the S-ample sheaf Ogo.;y(D + D’) on X, hence is S-ample. 0O

The following Proposition 6.11 generalizes [SP, 09NN] and will be used to find an open subscheme
containing all the maximal points of fibres of schemes flat over Priifer rings, see Corollary 6.12.

Proposition 6.11. Let X be a separated scheme whose every quasi-compact open subset has a finite
number of irreducible components. For a finite set S := {x1,--- ,x.} such that every x; is dominated by
only finitely many valuation rings of finite ranks, there exists an affine open of X containing S.

Proof. We may assume that X is integral with function field K. Let X” be the normalization. Suppose
that there is already an affine neighborhood U of S. Then by using [SP, 05YU] and the prime avoidance,
we are reduced to the case when X is normal. By the separatedness, each x; is dominated by a unique
valuation. Recall [BouAC, chapitre VI, §7, propositions 1, 2] that the intersection R :=(\_, Ox 4, is a
semilocal Priifer domain. As Ox ,, are finite dimensional, there is an affine open covering of 7" := Spec R
by principal open subsets, gluing into a morphism 7" — X, so that we conclude by [SP, 09NT]. O

Corollary 6.12. For a semilocal Priifer scheme and an S-smooth finite type group scheme G, every
S-separated G-homogeneous space is S-quasi-projective.

Proof. There are finitely many maximal points of S-fibres of X, so Proposition 6.11 and the S-separatedness
of X yield an affine open U C X containing all the maximal points of S-fibres of X. In particular, we
have G° - U = X due to the end of §5.5, so Corollary 6.10 implies that X is S-quasi-projective. O

Corollary 6.13. Let S be a locally coherent normal scheme and a homogeneous space Y under a smooth
S-group G. Every open X of Y that is surjective over S with connected fibres is locally S-quasi-projective.

Proof. We may assume that S is affine and take an affine open U C X whose open image is denoted by
W C S. It suffices to prove that the surjective morphism Xy — W is quasi-projective. Since X has
S-connected fibres, which are irreducible due to the S-smoothness of X, hence U contains all the maximal
points of S-fibres of X. It remains to apply Corollary 6.10 to finish the proof. O

Finally, we acquire the local quasi-projectivities as [Ray70, chapitre V, 3.14 and chapitre VI, 2.4].

Corollary 6.14. For a normal scheme S and an S-smooth group scheme G with connected fibres, a
locally finite type S-scheme equipped with a G-action, assume that one of the following conditions holds

(i) X is locally finitely presented over S with a quasi-affine open U C X such that G -U = X;
(ii) X 4s a G-homogeneous space.

Then X is locally S-quasi-projective. In particular, if S is affine integral, then X is S-quasi-projective.

Proof. For the case (i), it suffices to invoke the standard limit argument to reduce to the case when S is
Noetherian, and then apply Theorem 6.8. The case (ii) follows from (i) by localization on S with a limit
argument, where we used the facts that X is locally finitely presented over S, and that all S-fibres of X
are irreducible to find the quasi-affine U C X in (i). d

7. EXTENSION OF AMPLE INVERTIBLE SHEAVES

Building on our valuative framework, this section establishes criteria for extending generic polarizations
over integral Priifer bases. We demonstrate how generic ampleness uniquely and automatically extends
to global S-ampleness, circumventing the failure of standard spreading-out arguments.

Lemma 7.1. For an integral Priifer scheme S with generic point n, an S-smooth group scheme G, a
G-homogeneous space Y with a G°-stable S-quasi-compact open X CY, and an S-ample invertible sheaf
%, on Xy, if X has an S-affine open U containing all the maximal points of S-fibres of X, then

there is n € Z~q such that 92”,,@" extends to an S-ample invertible sheaf .# on X.
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Proof. Since .%, is ample on X,,, by [SP, 09NV], there is f € I'(X,, £®") such that the affine open
(X5)f C UnN X, contains all the maximal points of X,,. Hence, the pair (3,7@”, f) corresponds to an
effective divisor D,, with Supp(D,,) = Z(f) := {f = 0}. Since (X,))s C U, we get Supp(D,) D X,\U,.
The schematic closure of Z(f) in X by Proposition 3.3 defines an effective divisor D on X. We claim
that X\U C Supp(D). The hypothesis on U and Lemma 6.7 lead to the S-separatedness of X. As U is
affine over S, by [SP, 01SG], the open immersion U < X is affine. Note that X\U fibrewise satisfies
the condition in [EGA IV, corollaire 21.12.7], hence X\U is of pure codimension one in X and is the
schematic closure of its generic fibre (X\U), in X. The inclusion X, \U, C Supp(D,,) then implies that
X\U C Supp(D) and X\ Supp(D) C U. Therefore, since U is affine, X\ Supp(D) is quasi-affine over S.
The invertible €x-module .# := Ox (D) is S-ample by Corollary 6.10. O

Lemma 7.2. For a valuation ring V' with fraction field K and a finite field extension L/K, the integral
closure R of V in L is semilocal Priiferian, each fibre of Spec R — SpecV is finite and dim R = dim V.

Proof. By [BouAC, chapitre VI, §8, Ne3, remarque]|, the integral closure R of the valuation ring V in L is
semilocal Priiferian. It follows from [SP, 000K] that R also has Krull dimension dim V. It remains to
see that each fibre of Spec R — SpecV is a finite set. As normalization commutes with localizations, it
suffices to consider the closed fibre. Each points of the closed fibre corresponds to an extension of the
valuation v: K — T such that the valuation ring of v is V. Since L/K is finite, there are only finitely
many extensions of v to L. Therefore, each fibre of Spec R — SpecV is a finite set. O

Now we acquire a descent of ample invertible sheaves over valuation rings (¢f. [EGA II, corollaire 6.6.2]).

Lemma 7.3. Let S be an integral Priifer scheme with fraction field K. Let L/ K be a finite field extension
and T the normalization of S in L. For a smooth S-scheme X, denote its base change to T by Xr.

(i) There is norm map of invertible sheaves that induces a homomorphism of abelian groups
Normy: Pic(Xy) — Pic(X)
such that for every invertible Ox-module .4 , we have Norm(f*.4) ~ .#®?, where d = [L : K].
(ii) If X1 has a T-ample invertible sheaf £, then X has an S-ample invertible sheaf &.

(ill) X7 is T-quasi-affine if and only if X is S-quasi-affine.

Proof. The assertion (iii) follows from (ii). We first prove the assertion (i) in two steps as follows.
Step 1. We claim that f: X7 — X induces a multiplicative map of sheaves

Normf: f*ﬁXT — ﬁx

Norm

#
such that the composite Ox N Ox., 25 Oy sends s to s¢, where d = [L : K], and for any open U C X,
it re D(f~*(U), Ox,) vanishes at z € f~}(U), then Norms(r) =0 at f(z).

Since the claim is local and normalization commutes with smooth base change [SP, 03GV], we may
assume that X = Spec A and X1 = Spec B for normal domains A and B. There is a norm map

Normp, /g, : S = FX, 1 det(Fp 5 Fg),

where Fy and Fg are fraction fields. By [SP, 0BIG] the characteristic polynomial ®;(T) of [ is a power
of the minimal polynomial. If [ € B, then by [SP, 00H7], the constant term Normpg, /g, (I) of ®;(T') is
in A. Consequently, we get a norm map Normp,4 := Normp, /p, |p and its global version Normy. By
construction, Normy o f%(s) = s?. Let b € B be contained in the prime p C A. Then the constant term of
the minimal polynomial is in A N p, so the norm of b vanishes at p. Hence, the claim holds.

Step 2. By Lemma 7.2, each fibre of the map T"— S is a finite set of points. Therefore, X7 — X is
an integral morphism with finite fibres. Thus, for every invertible Ox,.-module . and a point z € X,
by [SP, 0F20], there is s € ['(X7, %) that does not vanish at f~!(z). In particular, there is an open
neighborhood U C X of # such that f~*(U) C (Xr)s so Z|s-1() is trivial. Therefore, there is an open
covering X = (JU; such that every £|s-1(y,) is trivial. Choose generating sections s; € T(f~1(U;), Z)
and consider cocycles a;; € O*(f~1(U;) N f~1(U;)) determined by s; = a;;s;. Then Norm(a;;) form
cocycles by the multiplicative property of Norm; and defines an invertible &'x-module &. By construction,
the map Norm;: Pic(X7) — Pic(X) is additive map of Picard groups such that Norm(f*.#) = .4%".
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It remains to show (ii). By the first two steps, for the T-ample invertible sheaf .2, its norm & := Norm (%)
is an invertible &x-module. Since X is quasi-compact, it remains to show that & is S-ample by checking:
every z € X has an affine open neighborhood X, for some s € I'(X,&®™). For this, we choose an
affine open U C X containing = and for f~!(z) C f~}(U) exploit [EGA I, corollaire 4.5.4] to obtain
t € D(Xr, £%*) such that (Xr), is an affine open neighborhood of f~!(x). Then the image 7 := Norm s ()
is a section of &¥ such that X, is an open neighborhood of x, which is affine by [SP, 05YU], as desired. [

Remark 7.4. In Lemma 7.3, if L/K is a finite separable field extension, then R is contained in a V-finite
module, see [BouAC, chapitre V, §1, Ne6, proposition 18]. Roughly speaking, there is a basis (wy, - ,wy)
for L/K such that w; € R, and the presence of a nondegenerate trace form Try 5 due to the separability
of L/K yields a dual base (w])™; such that >, Vw; CRC Y./, Vwf Cd~' > ", Vw, (by leveraging
the trace form), where d is the discriminant of L/K with respect to (w;)?,. However, the separable
condition is superfluous when proving Lemma 7.3. In the Noetherian case, R is a finite V-module. This
fails when V is a nondiscretely valued, see Ostrowski’s example in [Rib99, 6.3, Example 2].

Lemma 7.5. For a valuation ring V of finite rank n with spectrum (S,n) and a connected scheme X
flat over S whose every nongeneric fibre is reduced, every localization of X at a nonclosed point of S is
connected. In particular, the generic fibre X, is connected.

Proof. Let p C V be a prime of height n — 1. If X, is disconnected, then there is an idempotent
e € I'(Xy, Ox, ). It suffices to show that e € I'(X, Ox). For each affine open U := Spec R C X we have
elu, € R[X], where @ € my is an element of height n. Hence, there is r € R and integer k > 0 such
that r/w® = e so we have 2 = (ew’)? = ew?* = whr. If k > 0, then r is nilpotent in the closed
fibre, contradicting with the reduced assumption. Therefore, k = 0 so e = r and we get e € I'(X, Ox).
Replacing X by X,, the above argument reduces the rank n to n — 1, so the assertion follows. Il

Theorem 7.6. Let S be an integral Prifer scheme with generic point n and G an S-smooth group. For a
G-homogeneous space Y, a G°-stable open X finitely presented over S, and an invertible sheaf £, on X,

(i) if &, is base-point-free, then it extends to an S-semiample invertible Ox-module Z ;
(ii) if all nongeneric S-fibres of X are connected, then any extension of an ample £, to X is S-ample;

(iii) f S is a quasi-compact scheme whose closed subsets are finite sets’, X is S-separated and Z, is
ample, then there is a power fn‘g’” that extends to an S-ample sheaf M on X.

Proof. (i) Since %, is generated by its global sections, for each irreducible component X, ; of X, the
subspace of H%(X,,,.%,) that vanishes on X, ; is a proper subspace. Because k(n) is an infinite field, there
is always a regular k(n)-linear combination s, of global sections of .Z;,. Hence, the pair (.Z),, s,,) determines
an effective divisor D, such that %, ~ Ox, (D,) and Supp(D,)) = {s, = 0}. By Proposition 3.3, the
schematic closure of {s, = 0} in X is a relative effective divisor D and is S-flat. Consequently, the
invertible sheaf ¥ := Ox (D) is generated by 14 on the open X\ Supp(D), which contains all the
maximal points of fibres of X. It suffices to exploit Corollary 6.6(i) to conclude; note that after taking a
power, .Z is Picard-admissible with respect to the G°-action by Proposition 5.9.

(ii) For an extension .Z of .Z;, to X, to show that % is S-ample, by replacing X with one of its irreducible
components, we may assume that X is integral and replace S by the open image of X such that X — S
is surjective. By spreading out and a limit argument [EGA IV3, lemme 8.10.5.2], we may assume
that S = SpecV for a finite-rank valuation ring V. Since all nongeneric fibres of X are connected, by
Lemma 7.5, all S-fibres of X are integral. There is an S-affine open U C X containing all the maximal
points of S-fibres of X. Hence, Lemma 7.1 applies, yielding an invertible sheaf .# on X extending a
power Zn®". Since £®" ® ¢4, 4~ is trivial over 7, by Corollary 3.9, it is the pullback of an invertible
sheaf on S. Tensoring the ample sheaf .# to this pullback, we get the S-ampleness of Z®" so of .Z.

(iii) There is a finite separable extension k(n)/k(n) provided by [EGA IV, corollaire 4.5.11] such that
all the irreducible components of X,/ are geometrically irreducible. Let T" be the normalization of .S

in k(n') with generic point 7’. If a power .i”n‘?" extends to a T-ample invertible sheaf .# on X, then

the norm map in Lemma 7.3 yields an S-ample invertible sheaf & on X with &, ~ .4 [L: K] a5 a desired

TThis happens when S is normal, locally Noetherian of dimension one, or S is a finite dimensional semilocal Priifer scheme.
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extension. Hence, we may argue the assertion on T and replace X by an irreducible component so that
we are reduced to the case when the generic fibre X, is geometrically irreducible.

By spreading out [EGA TV3, théoréme 9.7.7], there is an open subset U C S such that every fibre of
Xy is irreducible. Hence, we apply (i) and (ii) to .Z;, to get an ample extension . on U. We induct by
showing that .Z extends over U U {z} for an arbitrary maximal point z € Z. Let U, C S be an affine
open neighborhood of z such that U, N Z = {z}. As X is S-separated, by Proposition 6.11, there is an
affine open W C X containing all the maximal points of X,. Shrinking U, if necessary, we may assume
that W — U, is surjective. For every u € U,\{z}, the fibre X, is irreducible, hence the U,-affine open
subset W contains all the maximal points U,-fibres of X. By Lemma 7.1, there is a U,-ample invertible
sheaf 2 on Xy, such that J77 ~ fn‘@k for some k > 0. The invertible sheaf ffikﬂU ® %U:%U is trivial on
the generic fibre of Xy, ny, hence by Corollary 3.12, is the pullback of an invertible sheaf .4 on U, N U:

L xy. 00 = Hy.ov @T(AN),

where 7: Xy.nv — U, N U is the structural morphism. Gluing .4 with the trivial invertible sheaf
on a small open neighborhood of z, we extend .4 to an invertible Oy, -module A47;.. Consequently,
Ky, y @ T (A7) extends to S @ 7 (A, ), which is an extension of Z)‘?L’f ., to Xy . It suffices to glue

L@k with s @ m*(A") to obtain the desired ample invertible sheaf on U UU,. Since Z := S\U is a finite
set, our induction stops in finite steps, so a power of .Z, extends to an ample invertible sheaf on X. O

Corollary 7.7. Let S be an integral Priifer scheme with generic point  and G an S-smooth group. For a
G-homogeneous space Y, an open subscheme X C 'Y with connected S-fibres, a closed subscheme Z, C X,
and its schematic closure Z in X with complementary open U := X\Z, then

U is S-quasi-affine if and only if U, is n-quasi-affine.

Proof. We only need to show the sufficiency. Replacing X by G° - X and Z, by (G° - X)\U,,, we may
assume that X is stable under G°. Let D, be an effective divisor such that the maximal points of
Supp(D,) are the one-codimensional points of Z, in X;,. Namely, there is an invertible &, -module .%;,
and a regular section sp, € I'(X,,, £,) such that Supp(D,)) = V(sp) := {sp = 0}. The schematic closure
V(sp) of V(sp) in X by Proposition 3.3 determines an effective divisor D on X. By Corollary 6.10,
the invertible Oy, -module O, (D;) is ample, hence Theorem 7.6(ii) implies that &x (D) is S-ample.
Subsequently, X\ Supp(D) is S-quasi-affine, so Supp(D) C Z implies that U = X\ Z is S-quasi-affine. 0O

Corollary 7.8. For a connected scheme S, an S-smooth group scheme G with connected S-fibres, a
G-homogeneous space X of finite type over S with proper S-fibres, and an invertible Ox-module £,

if £ is ample for an s € S, then £ is S-ample and X is S-projective.

Proof. For the subset A := {s € §: %, is ample} of S, we prove that it is clopen such that .Z|x, is
ample and X 4 is A-projective. For the openness, we show that each s € A has an open neighborhood
U(s) such that Xy (s is U(s)-projective and Z|x,, ,, is U(s)-ample. Note that X — S is flat and locally
of finite presentation due to Lemma 3.1, by [EGA TV, corollaire 2.3.12], it is universally submersive. By
[SGA 37 ew, exposé VIg, théoréme 5.3], X is S-separated with proper geometrically connected fibres.
Thus, a local criterion for properness [EGA TV3, 15.7.8] implies that X is proper over S. Thanks to the
S-properness of X, the ample aspect follows from [EGA TV3, corollaire 9.6.4]. It remains to show that A
is closed. By the retrocompactness of A C S and [EGA TII, proposition 7.2.2], it suffices to show that
A is stable under specialization. Let y € A nontrivially specialize to ¥’ € S and let z € X be a point
lying over y. For the morphism X — S, by [EGA II, proposition 7.1.4], there is a valuation ring V' with
generic point 7 and closed point ¢, a morphism f: SpecV — S such that f(n) =y and f(t) = ¢/, and a
rational S-map sending 7 to x such that k(x) ~ k(n). Then, for the base change Xy — Spec V' and the
n-ample invertible Ox, -module .Z;,, Theorem 7.6(ii) implies that %} is ample. Finally, the fpqc descent
of ampleness [EGA TV,, 2.7.2] implies that 3’ € A, so we conclude. O
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